Let D be a central division algebra and A = GL m (D) the unit group of a central simple algebra over a p-adic eld F. The purpose of this paper is to give types (in the sense of Bushnell and Kutzko) for all level zero Bernstein components of A and to establish that the Hecke algebras associated to these types are isomorphic to tensor products of Iwahori Hecke algebras. The types which we consider are lifted from cuspidal In M1] Morris proved Hecke algebra isomorphism theorems which apply to the level zero representations of general reductive groups and in M2] he extended this earlier work to show that cuspidal level zero representations of the nite eld points of Levi factors of reductive groups in ate to types for level zero Bernstein components. Our paper, in e ect, presents a special case of Morris's general theory, an example which is at the same time more general and given in greater detail than in Bushnell and Kutzko's work ( BK1] and BK3]) for the level zero case of M n (F ). We think that the present extension of the split case is interesting enough to merit being spelled out, as we have attempted in this paper. Like Howe/Moy and Bushnell/Kutzko, we construct level zero types by in ating cuspidal representations of Levi factors with coe cients in the residue eld of D to representations of unit groups of hereditary orders. Our situation is also analogous to the split case in that representations of Levi factors which are conjugate under inner automorphisms of A in ate to types for the same Bernstein component. However, there are more inner automorphisms acting on the set of
Introduction
Let F be a p-adic local eld, let D := D d be a central F-division algebra of index d, and let A := M m (D) be a central simple F-algebra of reduced degree n := dm. The purpose of this paper is to give a classi cation of types (see BK2] ) for all level zero Bernstein components of the unit group A and to establish that the Hecke algebras associated to these types are isomorphic to tensor products of Iwahori Hecke algebras, as in the split case (see BK1] and BK3]).
In M1] Morris proved Hecke algebra isomorphism theorems which apply to the level zero representations of general reductive groups and in M2] he extended this earlier work to show that cuspidal level zero representations of the nite eld points of Levi factors of reductive groups in ate to types for level zero Bernstein components. Our paper, in e ect, presents a special case of Morris's general theory, an example which is at the same time more general and given in greater detail than in Bushnell and Kutzko's work ( BK1] and BK3]) for the level zero case of M n (F ). We think that the present extension of the split case is interesting enough to merit being spelled out, as we have attempted in this paper. Like Howe/Moy and Bushnell/Kutzko, we construct level zero types by in ating cuspidal representations of Levi factors with coe cients in the residue eld of D to representations of unit groups of hereditary orders. Our situation is also analogous to the split case in that representations of Levi factors which are conjugate under inner automorphisms of A in ate to types for the same Bernstein component. However, there are more inner automorphisms acting on the set of cuspidal representations; some of these can be interpreted as a Galois action which is trivial in the split case. Although the Hecke algebra of a simple type looks like the group algebra of a semi-direct product of an in nite cyclic group normalizing a Coxeter group, the cyclic group object which serves as a part of the support of the Hecke algebra in the case of a simple type for A need not normalize a principal order or Iwahori subgroup-like object. The multiplication of double cosets is also more complicated in the case of general simple algebras. We prove our Hecke algebra isomorphism theorems for natural representatives of each Galois orbit of simple level zero types after arguing that all representatives of the same orbit have isomorphic Hecke algebras, that one representative is a type if and only if all are. As in other level zero situations (e.g. M2]), we obtain our results by reducing the proofs to general arguments due to Bushnell and Kutzko ( BK2] ). We begin the paper with some background information and give statements of our main theorems (Theorems 1 and 2) in xx0.6 and 0.7. Parts 1-4 are concerned with Hecke algebras, whereas Part 5 concludes the classi cation of types by applying Bushnell/Kutzko's theory of covers ( BK2] 8.). We thank Peter Schneider for a helpful remark.
x0.1 The Bernstein Spectrum and Decomposition
Let G = G(F) denote the group of F-points of a connected reductive Fgroup. A cuspidal pair (M; ) for G consists of a Levi subgroup M of G and an irreducible supercuspidal representation of M; the Bernstein spectrum (G) is de ned as the set of G-conjugacy classes of cuspidal pairs (M; ). For any irreducible smooth representation of G its supercuspidal support is a unique element of (G). The Bernstein spectrum has the structure of a complex locally algebraic variety. Let X nr (M) denote the group of unrami ed characters of M with its natural complex structure. Then the connected component of (G) which contains the G-orbit of a cuspidal pair (M; ) is the image of the map X nr (M) 
where runs over the connected components of (G).
x0.2 Hecke Algebras and Intertwining Functions
Let K be an open compact subgroup of G and let (K; ; W) be a representation of K in W. We call the convolution algebra consisting of all compactly supported functions f : G ! End C (W ) such that f(k 1 gk 2 ) = (k 1 )f(g) (k 2 ) (2) for all k 1 ; k 2 2 K the Hecke algebra of G with respect to (K; ) and we denote it H(G; K; ).
The unit element is e (x) = ( (K) ?1 (x) for x 2 K 0 otherwise;
where (K) = R K 1dy. We shall make use of a generalized algebra of \intertwining functions" in this paper and we include here for reference purposes a brief discussion of these functions. For any pair ( i ; W i ; K) of irreducible representations of K acting in vector spaces W i (i = 1; 2) we call intertwining function any compactly supported function f := f 2 ; 1 such that f : G ! Hom C (W 1 ; W 2 ) and f(k 0 gk) = 2 (k 0 )f(g) 1 (k Henceforth we consider only the special case G = A .
x0.4 The Connected Components of (A )
We recall the formal set-up of Bernstein and Zelevinsky which provides a parameterization for the connected components of (A ). Let C := C(D) It is natural to take A minimal (P A maximal) such that V 1+PA 6 = 0. It follows that, as a representation of (4), all irreducible constituents = 1 r occurring in V 1+PA are cuspidal, i.e. they are tensor products in which each tensor factor i of GL s i (k D ) is a cuspidal representation. In this case, we call (A ; ) a cuspidal level zero pair and we write supp( ) := f 1 ; : : : ; r g: As we have seen, every level zero representation has a cuspidal level zero pair as a component. We will prove that each of these pairs is a type and that the connected component (A ) and that and w are both trivial on (1 + P) \ w ?1 (1 + P)w, i.e. w (x) = (wxw ?1 ) and conjugation by w maps (1 + P) \w ?1 (1 + P)w into 1 + P. Thus the intertwining map factors through the projection of A \ w ?1 A w upon 
As a consequence 1.9 reduces the study of the structure of level zero Hecke algebras to the case in which the cuspidal pair (A ; ) corresponds to a principal order A and with only Gal(k D jk)-equivalent tensor factors. The Hecke algebra isomorphism assertion of the next Proposition could have been given a simpler proof by using 1.9. However, the following Proposition also completes the proof that one representative of a divisor is a type if and only if the same is true for all representatives of . Thus, after 1.10, it will be su cient to prove that is a type when all Gal(k D jk)-equivalent tensor factors of are equivalent. Proof x0. 2) such that f 2 ; 1 (a 0 xa) = 2 (a 0 )f 2 ; 1 (x) 1 (a) and f 1 ; 2 (a 0 xa) = 1 (a 0 )f 1 ; 2 (x) 2 (a) (10) for all a; a 0 2 A and x 2 A and f 1 ; 2 f 2 ; 1 = e 1 and f 2 ; 1 f 1 ; 2 = e 2 : (11) For functions with the properties (10) and (11) 
SinceW C C = A r;l consists of all monomial matrices with non-zero entries which are powers of $ l , 1.2 and 1.10 imply: (16) Take M = G s G m?s as block groups in the reverse order from before and let U and U ? be the upper and lower triangular unipotent groups such that M n U is a standard parabolic subgroup and M n U ? its opposite. Now if k = 0: Again using 2.7 we see that the support of (' h ) k is the double coset A r h k A r .
The function (' h ) k is non-trivial since it is a unit in H. For 1; % 1 ; : : : ; % r?1 ; ; 0 2 H(r; q ds ) we put 4.4 Lemma: The assignments of (22) h 2 H and x 2 A . For any level zero component of j A 1 we have an x 2 A and f 2 V such that 0 6 = f(x) and f(xu) = f(x) for all u 2 (1 + P 1 ). Using As usual we assume without loss of generality that M is block diagonal. The conditions (i), (ii) , and (iii) are then certainly satis ed in the case that P contains the upper triangular group. Referring to M as below (8) 
and that (1+P A ) = Q 1 i;j m H i;j , a product of abelian pro-p-groups in which we have uniqueness of representation independent of the order of factors; in fact, the same is true for the groups (1 + P A ) \U, (1 + P A ) \M, and (1 + P A ) \U ? for any P = M n U.
(i) is therefore also clear for all P = M n U. Finally for any P = M n U there is a Weyl chamber which is positive with respect to a minimal parabolic subgroup contained in P. By choosing an appropriate wall of this chamber and letting it correspond to the positive elements on the central torus of M we satisfy the third condition too with elements z P in this torus. We note that z P 2W A \ Stab(M(O); ) lies in the support of H(A ; A ; ) (see 1.2). We are left to show that there is an element of H(A ; A ; ) with support the double coset A z P A . However, from 4.7, 1.9, and 1.(9) it is a general property of our Hecke algebras that functions which have support on a single double coset are units of the Hecke algebra. 
